Abstract. The Hannay angle has been previously studied for a celestial circular restricted three-body system by means of an adiabatic approach. In this work, three main results are obtained. Firstly, a formal connection between perturbation theory and the Hamiltonian adiabatic approach, both leading to the Hannay angle; it is thus emphasised that this effect is already contained in classical celestial mechanics, although not defined nor evaluated separately yet. Secondly, a more general expression of the Hannay angle, valid for an action dependent potential; such generalised expression takes into account that the restricted threebody problem is a time-dependent, two degrees of freedom, problem even when restricted to the circular motion of the test body. As a consequence, (some of) the eccentricity terms cannot be neglected a priori. Thirdly, a numerical estimate for the Earth and a geostationary satellite, adiabatically driven by Jupiter and the Moon, respectively and a conceptual description of a possible measurement. We also point out errors in a previous derivation of the Hannay angle for the circular restricted three-body problem, with an action independent potential.
Introduction
Geometric phases is a lively research topic since Berry discovered the quantum geometric phase [1] and Hannay [2] found its classical correspondent. Shortly after, their correspondence was set on formal grounds [3] . The Hannay effect is known to develop in a system under an adiabatic change. In such a system, the action variables act as adiabatic invariants, unchanging along the system evolution. The conjugated angles, conversely, are affected by the slow variation of the system and carry a geometric shift, arising from the cycle of the Hamiltonian of the system. From the mid 80s, several studies flourished on the Hannay angle, analysing several issues, including measurements in the solar system related to the non-sphericity and slow rotation of the Earth [4] . Instead, Berry and Morgan [5] have attempted to determine the Hannay angle for the restricted circular three-body problem and provided estimates for the Earth revolving around the Sun, under the adiabatic influence of Jupiter, and for a geostationary satellite, under the influence of the Moon. Meanwhile, the European Space Agency (ESA) began in 1990 studies on fundamental physics effects associated with clocks [6] . The most relevant result was the original conception of the Atomic Clock Ensemble in Space (ACES) experiment [7] . In an ACES follow-up study [8] , one of the authors (AS) has started investigations on the feasibility of a space measurement. Discussions with the celestial mechanics community has lead to a revision of the physical nature of the Hannay effect and its estimates for the three-body problem. This work shows the final results of such investigations and interactions. We have structured the paper in the following manner. In the second section, we rederive the Hannay angle for the restricted circular three-body problem within classical perturbation analysis of celestial mechanics, using the same simplified Hamiltonian (with an action-independent potential) of [5] . This derivation underlines that Hannay effect is not a new phenomenon in celestial mechanics, and it has always been taken into account in all high order analytic theories. However, it has never been defined nor evaluated separately. Furthermore, we show an error in the derivation of the Hannay angle [5] , due to negligence of the interaction between perturber and attractor masses. In the third section, we start from a proper representation of the restricted circular three-body problem, with an action-dependent potential and rederive a "generalised" Hannay angle. We show that, although we are concerned by test body circular motion solely, some eccentricity terms cannot be neglected a priori, as the restricted three-body problem is intimately a (time-dependent) problem characterised by two degrees of freedom. Neglecting all eccentricity terms implies an artificial reduction to one degree of freedom (as if the test body were forced by an external constraint to move on a circular guide). In the fourth section, we give a numerical estimate to the corrected expressions of the Hannay effect and outline the concept of a measurement with an atomic clock. Finally, the appendix reminds to some useful basic expressions of the three-body problem.
2. The simplified restricted circular three-body problem
Adiabatic and perturbative approaches
With the reference to a three-body system, we define A the attractor, P the perturber and T the test mass. Berry and Morgan [5] have determined the Hannay angle for a simple system, inspired by the restricted circular three-body problem, with the following Hamiltonian:
where V 0 ∼ M P /M A is a small parameter, of the order of the mass of the perturber relative to that of the attractor, and ǫ is another small parameter, proportional to the ratio of the orbital frequencies of the perturber and test body. The Hamiltonian (1) is not the Hamiltonian of the restricted three body problem, that shall instead be considered in the next section. In the framework of the problem described by eq.(1) and by the adiabatic theory, the Hannay angle was quantified as [5] :
where I, the action, is the adiabatic invariant:
E is the test mass kinetic energy and ν = dE/dI is the angular frequency. The Hannay effect is defined if closed curves of constant action return to the same curves in phase space after a time evolution. It is the extra angle picked up by the angle variables, in addition to the time integral of the instantaneous frequencies.
We now rederive the expression of the Hannay angle (2) for the Hamiltonian (1) but using the approach of classical perturbation theory. The first step is to re-write the Hamiltonian (1) in autonomous form. To this purpose, we introduce a pair of conjugated action angle variables T , τ ≡ ǫt and, in order to haveτ = ǫ in the Hamiltonian equations, write (1) as:
We now consider 
′ ) so to remove the term H 1 from the new Hamiltonian (i.e. from the Hamiltonian expressed in the new variables). The simplest way to achieve this result is to introduce the new variables by Lie series (see ch. 2 of [9] ). Hence, we look for a transformation of variables of the form
where S χ is the Lie series operator, which, applied to a generic function f , reads
where {., .} denotes the Poisson bracket and χ is an a priori unknown function. The introduction of the new variables through (5) has the advantage that (i) the new variables are canonical by construction, and (ii) the Hamiltonian can be expressed in the new variables in a straightforward manner, as
From the above expression, for the elimination of the term of first order in V 0 from H ′ , the function χ must satisfy the equation
In our case, given the expression of H 0 and H 1 , we need to set
Now that the function χ has been defined, the terms of H ′ of order 2 in V 0 can be computed from (7) and are:
So, the new Hamiltonian, up to order 2 in V 0 reads:
We now average (11) with respect to q ′ . The averaged Hamiltonian reads
In this Hamiltonian, p ′ is constant since representing the unperturbed part. Therefore is the adiabatic invariant of the original problem, at order 2 in V 0 and it can be identified with I in (2). The equation of motion for q ′ is
Referring to the slow periodic variation in time as modulation, this derivative can be split into an un-modulated frequency (evaluated for
, and a correction, obtained by derivation of (13)
The Hannay angle is defined as the shift of q ′ over a modulation period 2π/ǫ with respect to the un-modulated case, and is therefore
The expressions (2) and (15) are identical once p ′ and I are identified, as it is legitimate for the reasons explained above. Hence, we conclude that the Hannay effect is not a new effect in celestial mechanics, as it was included in any calculation based on classical perturbation theory up to order 2 in the perturber's mass.
Hannay angle in the simplified problem
The derivation in [5] misses to consider the gravitational force between perturber and central mass. Here below, we rederive correctly the Hannay effect. The potential in a three-body problem is given by :
where R is the distance between bodies and α is the angle centred on the attractor between test and perturber bodies. We note that there is a cancelation of the linear terms in cos α, that was not previously considered, eq.(A4) of [5] , due to negligence of the interaction between attractor and perturber (see appendix).
Since the term 1/R AP does not depend on the test body coordinates, the useful part of the perturbative function reduces to:
where we have used α = λ T − λ P , λ T and λ P being the true longitudes of T and P respectively. The orbit of the perturber is supposed to be circular; therefore R AP is constant and the true longitude λ P is equal to the mean longitude. But, as proved in section 3, for the test mass orbit the circular approximation is not valid and the
The potential in [5] has the dimensions of a frequency squared. Herein we use conventional units.
perturbation ought to be expanded up to the first power of the eccentricity e of the test mass:
where a is the semi-major axis of the orbit of T around A, λ T m is the mean longitude of T and ψ is the opposite of the argument of its pericentre. We now introduce the actions
conjugated to the angle λ T m and ψ respectively. We make use of the third Keplerian law relating the orbital frequency ω T of the test mass to the distance from the attractor,
Similarly we introduce the notation
and get
Now, V ′ depends on the actions and the formalism used by Berry and Morgan is no longer directly applicable. Instead, the Hannay angle will be derived by means of a perturbation approach in the next section. The expression (17) of the perturbation derives from an expansion of 1/R AP in powers of R T A /R AP limited to the second order. This expansion by means of Legendre polynomials reveals to be inaccurate when R T A /R AP is not small. In this case, a Fourier like expansion, using Laplace coefficients [10] , is more appropriate:
where the Laplace coefficients b GM A R AP . Finally, the potential takes the form:
The restricted circular three-body problem
In this section we derive the expression of the Hannay angle, starting from the correct representation of the restricted circular three-body problem. We use again the classical perturbation approach which, as demonstrated in the previous section, is equivalent to the adiabatic approach. Although we focus uniquely on circular motion of the test body, the restricted circular three-body problem characterised as a, time-dependent, two degrees of freedom problem, eccentricity terms in the perturbation function cannot be a priori neglected. In section 2.1 we have seen that the Hannay angle arises from the quadratic term in the perturber's mass, which is generated from one Poisson bracket between the original perturbation and the generating function. In the Poisson bracket operation, linear terms in the eccentricity (i.e. proportional to √ Ψ) can produce terms that are independent of the eccentricity, while terms of higher order in the eccentricity cannot produce such terms. Therefore, it is sufficient to consider the expansion of the original Hamiltonian up to order 1 in √ Ψ only, namely:
where λ P is the mean longitude of the perturber, Λ P is the conjugated action of the perturber, M P is the mass of the perturber relative to the attractor and ǫ is the orbital frequency of the perturber relative to the test mass. In (25) ]). In (25) the motion of λ P is assumed to be linear in time, which reflects on the linear dependence of H on Λ P . As in the previous section, the terms independent of the angles λ T m , λ P , ψ are grouped in the integrable approximation H 0 and the harmonic terms constitute the perturbation H 1 . Using (7) and the new expressions for H 0 and H 1 , the function χ required to eliminate H 1 from the new Hamiltonian is:
where for simplicity we have omitted the primed notation for the new variables. This function is well defined if 1/Λ 3 T = ǫ, and if 1/Λ 3 T = ǫ(k ± 1), which is true away from the 1/1 mean motion resonance and from all mean motion resonances of first order in eccentricity.
The terms of the new Hamiltonian that are of order two in M P can be computed by the left hand side of the expression (10) . Those of order 0 in eccentricity (i.e. the terms independent of Ψ) are:
with
As in the previous section, we now average the new Hamiltonian over λ T m . Of all the terms in (27) only those with k = −l survive, because they are independent of λ T m . The expansion of these terms at order 1 in ǫ gives the function
The change in the frequency of λ T m due to the slow motion of λ P is then
and the Hannay angle results
Correct expression for the Hannay angle
In order to apply the results of the previous section to the perturbation (22), limited to the power 2 of R T A /R AP , we set
for the terms independent of the eccentricity, and
for the terms proportional to the eccentricity. Using (29)-(31) we get the contributions to the Hannay angle:
for the terms not related to the eccentricity and
for the terms coming from the eccentricity. Note the major contribution of the last term which changes the sign of the effect [5] . Finally the total Hannay angle due to the third body writes :
Measurability
The Hannay effect, since contained in the equations of motions of classical mechanics and thus in the models of orbital dynamics of artificial satellites, must be digged out of the measurements with an ad-hoc modeling, apart from being separated from concurring larger effects. The Hannay angle is cumulative and obviously formed continuously. It may be measured at any time including before completion of the perturber revolution. The Hannay angle of the Earth due to the perturbation by Jupiter amounts to 1.14 × 10 −8 radians whereas the Hannay angle of a geostationary satellite perturbed by the Moon amounts to 6.31 × 10 −8 radians, both for a perturber period. The latter case translates into 2.31 × 10 −9 radians per day, i.e. 9.75 × 10 −2 m per day of forward displacement along the orbit, 3.18 × 10 −5 s per day of orbital period shortening, 1.13 × 10 −6 m/s of orbital velocity increment ¶. There is need of discriminating the Hannay effect from a faster orbit simply due to a smaller orbital radius. This requires a resolution on the differential positioning along track better than the Hannay effect, instead occurring cross track. Satellite positioning measurements have largely improved, but the numbers above hint to a formidable challenge. An helpful contribution could be represented by an atomic clock on board. The observation of its first Doppler shift variation equal to 3.78 × 10 −15 is within technology reach. Indeed, the peculiar feature of the Hannay effect is the forward displacement of the perturbed body on the orbit path at a given radius, i.e shorter period for a given radius or else larger radius at a given period. Several perturbations, especially those determining a precessional motion, like higher multipole Earth components, Moon and Sun tides, solar and albedo radiation, thermal emission and the gravitational influence of a motionless perturber have all to be taken into account. ¶ Ref. [5] contains a contradiction in section 4. The Hannay effect calculated therein is negative, i.e. backward angle and lengthening of the orbit, conversely to what stated above their eq.(49).
Conclusions
The relation of the Hannay angle to classical perturbation theory of celestial mechanics has been drawn, for both action-dependent or independent perturbation. The expression of the Hannay angle in a restricted circular three-body problem has been properly derived, correcting previous errors. Finally the issue of measurability with a satellite has been discussed.
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The equations of motion of the attractor and test mass are, respectively:
For (ξ, η, ζ) relative coordinates of the test and perturber masses, relative to the attractor:
x P = x A + ξ P y P = y A + η P z P = z A + ζ P we have:ξ
Setting
we finally have:
For α angle between test and attractor masses:
Using Legendre polynomials P n (x), the inverse of the distance between the perturber and test mass is written as:
